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FINAL FOCUSING OF INTENSE ION BEAMS WITH RADIALLY
NONUNIFORM CURRENT DENSITY Z-DISCHARGES

I. INTRODUCTION

The Advanced Pulse Experiment (APEX Project) at Sandia
National Laboratories will test several concepts crucial to the
success of light ion beam inertial confinement fusion®. As
currently envisioned, the experiment vill employ z-discharge
channel transport of intense ion beams from the accelerator to
the target. Previous analyses of ion beam transport in z-
discharge plasma channels indicate that in order to avoid manv of
the effects that could degrade the beam quality, the beam should
be transported in a large radius (2 - 3 cm) channelz. Because of
the mismatch betveen the target radius (~0.5 cm) and the beam
radius after transport in a large radius channel, some method of
final focusing must be used to reduce the ion beam radius.

A proposed method for final focusing is to have the ion
beam pass from the long (3-10 m), lov current (~50 kA) z-
discharge transport channel directly into a short (-5 cm), high
current (~-500 kA)’z-dischatgls. The sudden increase in magnetic
field strength causes the ion beam to pinch invard. By fixing
the length of the focusing cell to be one eighth of a beam ion
betatron vavelength, this pinching effect allows the ion beam to
come to a focus at a -l.ort distance (~5 cm) downstream from the
focusing cell exit. This method of focusing is referred to as
one-eighth betatron wavelength focusing, and has been referred to
in the past as final .ocusing.

A previous analysis of the one-eighth betatron vavelength
focusing method predicted the spotsize, the focal length, and the
3,6

. The
spotsize, or equivalently, the radial beam compression ratio vas
predicted to be

radial beam number density profile at the focal plane

Manuscript approved August 31, 1988.
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(Froc/te)* = 2/ A+ B (1)

vhere Ceoc is the radius of the beam at the focal plane, L, is
the radius of the transport channel and focusing cell, and R is
the ratio of the focusing cell discharge current, If, to the
transport channel discharge current, Ic' The focal length, that
is, the distance betwveen the exit of the focusing cell and the
focal plane, was predicted to be

zfoc'(:-i

] Ag/2m (2)

vhere Aﬁ is the betatron vavelength of a beam ion in the focusing
cell. This analysis wvas based on the assumption that the
discharge current density in the focusing cell was uniformly
distributed within the radius of the discharge.

A new analysis has been performed to determine hov the
spotsize and focal length of the focusing cell change when the
discharge current density distribution is not uniform. For this

analysis, a model azimuthal magnetic field distribution of the
form

Bgo(r) = (3)




T

Mk

T

is used, wvhere If is the discharge current of the final focusing
cell and ¢ is the speed of ligh- The case with N = 1
corresponds to a uniform discharge current density, and will be
referred to as the ideal distribution. The reason for studying
different magnetic field profiles is that it may not always be
possible to obtain the ideal magnetic field distribution in an
experiment. For example, in beam transport experiments at the
Naval Research Laboratory, Bg profiles in the transport channel
approximately of the form (r/rc)2 have been observeds.
Theoretical models of the time-dependent diffusion of the
magnetic field into a z-discharge plasma also indicate that at
early times in the development of the discharge, the azimuthal
magnetic fieid has a radial profile that may be approximately
described Eq. (3), where larger values of N correspond to earlier
times in the development of the discharge. To interpret the
results of beam focusing experiments, it will be valuable to have
a prediction of the spotsize and focal length of nonideal
focusing cells.

In Section II of this paper, the general method used for
predicting the spotsize and focal length of a focusing cel! is
described. In Section III, the equations of motion for an ion in
an r:N magnetic field distribution are solved using a Lie
transform technique, and are applied to the method described in
Section II to give the predictions of spotsize and focal length.
Finally, in Section IV these predictions are compared with the
results of numerical simulations of ion beam focusing.
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II. The Theoretical Basis for the Prediction of the Spotsize and
the Pocal Length

The spotsize and the focal length that characterize the
focusing properties of the final focusing cell can be predicted
on the basis of the manner in which that focusing cell alters the
radial phase space distribution of the ion beam as it passes
through the cell.  In this Section the relation between the ion
beam radial phase space distribution, the spotsize and the focal
length vill be developed. This discussion will be based on the
assumptions that the beam is composed of monoenergetic ions with
zero angular momentum, that the beam propagates in a fully
current and charge neutralized mode, and that the beam is
produced by a time-independent source.

Under the assumptions noted above, the propagation of the
beam can be fully characterized by a description of its radial
phase space distribution at any given location along the
propagation axis, and this description can be made on the basis
of the single particle motions of a beam ion in the magnetic
field structure of the transport channel and of the final
focusing cell. It will be assumed that in the transport channel,
the distribution of the magnetic field is given by the ideal
distribution, i.e. Be(r) - (ZIc/crc)x(r/rc). In this azimuthal
magnetic field structure, the trajectory of a beam ion is a
periodic, approximately sinusoidal trajectory known as a betatron
orbit. The betatron orbit can be understood as a grad-B drift.

A beam ion injected parallel to the channel axis at the channel
radius feels the full strength of the magnetic field and begins
to execute a gyromotion that moves the ion both down the length
of the channel and in toward the channel axis. As the ion moves
invard, it feels a weaker magnetic field so that, at that
instant, the ion is on a gyro-orbit with a radius of curvature
somevhat larger than what it was at the channel entrance. When
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the ion reaches the channel axis, the magnetic field strength is
zero so that the radius of curvature of the gyro-orbit is
infinite. The momentum of the ion carries it across the channel
axis into a region of increasing magnetic field strength, so that
the instantaneous radius of curvature of the trajectory decreases
as a function of time. The ion reaches the side of the channel
opposite to that from which it started and begins to fall back
tovard the axis. The axial distance required for an ion to
complete one cycle of this periodic motion is called the betatron
vavelength, and is a function of an ion’s maximum radial
excursion, or turning point. The larger the turning point of an
ion is, the shorter its the betatron vavelength is. The radial
phase space distribution of the propagating ion beam is
approximately periodic in the propagation distance due to the
periodic nature of the single particle trajectories. Thus, at
intervals of the betatron vavelength, the initial radial phase
space distribution reappears. Hovever, due to the dependence of
the betatron vavelength on the turning point, the periodic
reappearences of the initial distribution are accompanied by a
gradual deformation of that distribution. Ions with larger
turning points lag in phase slightly behind those with smaller
turning points. The eventual outcome of this phase mixing is
that the radial phase space distribution becomes homogenized over
the phase angle in the radial phase space plane. It will be
assumed in this wvork that the transport channel is sufficiently
long so that the beam becomes completely phase mixed before it
reaches the final focusing cell. The radial phase space
distribution of the fully phase mixed ion beam fills an
elliptical region of the radial phase space plane defined by

2. [L] v < el ) (4)
b
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vhere v, is the speed of a beam ion, r_ is the transport channel

[J
radius, and k is the betatron vavenumber defined by

172

ZZeIc
k = ZR/XS = 2 2 * (5)
Anpc vbrc

vhers np is the proton mass, e is the proton charge, and A and 2
are the mass and atomic numbers of the beam ion, respectively.
The distribution of ions inside this elliptical region is
determined by the form of the initial radial phase space
distribution, but this is not a matter of importance in this
analysis. The item of main importance is Eq. (4), vhich defines
the outer boundary of the phase mixed ion beam distribution in
radial phase space.

Vhen the ion beam reaches the final focusing cell, the
sudden increase {n the magnetic field strength and the sudden
change in the magnetic field distribution cause the radial phase
spaca distribuilcon of the oeaa to begin to undergo a deformation.
The exact nature of this deformation is the subject of Section
III. For this discussion, it is not necessary to knov these
details other than that the deformation represents a continuous
change in the originally elliptical boundary of the isn beam
radial phase space distribution characterized by a skewing of the
distribution tovard negative radial velocities. At the exit of
the final focusing cell, the ion beam radial phase space
distribution has been deformed to some new shape that depends on
the length of the cell, the final focusing cell discharge
current, and the distribution of the magnetic field in the cell.
After passing through the focusing cell, the beam propagates




ballistically for some distance before coming to the focal plane.
Between the focusing cell exit and the focal plane, the ion beam
radial phase space distribution continues to deform as individual
ions follow straight line paths defined by constant values of the
radial velocity. The ions that at the focusing cell exit had
radial velocities equal to zero hold a special place in this
process. All other ions either move away from the axis or move
tovard the axis, pass through it, then continue to move away from
the axis. The ions that occupied the line Ve = 0 at the focusing
cell exit move along lines of constant radius, and because of
that, they define the smallest radius to which the ion beam can
be focused. Thus, as illustrated in Figure 1, the minimum
spotsize that a focusing cell can produce is defined by the
intersection of the line v, = 0 vith the outer boundary of the
ion beam radial phase space distribution.

Once the minimum spotsize is known, the next item of
interest is how far downstream from the focusing cell exit the
minimum spotsize is actually achieved. This distance, the focal
length, can be obtained by following the deformation of the ion
beam radial phase space distribution as the ion beam propagates
ballistically. As the ions propagate ballistically, they move
along lir.s of constant v, SO that ions on the line v, = 0 remain
stationary in the radial phase space plane. As illustrated in
Figure 2, the minimum spotsize is achieved when all ions with
negative Ve have moved inside the spotsize radius and before any
ion with positive Ve has passed beyond this radius. When this
occurs the tangent to the radial phase space boundary curve is
perpendicular to the . axis at the point where the curve passes
thrcugh the Ve axis. Thus, the focal length can be defined as
that axial location at which the radial phase space boundary
curve has an infinite slope at the point where it intersects the

Ve axis.
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As an illustration of these concepts, consider the focusing
of an ion beam with a one-eighth betatron wavelength focusing
lens with the ideal magnetic field distribution. The boundary
curve for the ion beam radial phase space distribution in the
transport channel is given by Eq. (4) as discussed previously.

In the focusing cell, the boundary curve is given by

2 2

e 0t e @ - D(rsin(Ra) + (y/R)cos®2)? < 2 (6)

vhere K {s the betatron wavenumber of a beam ion in the focusing
cell (Eq. (5) with Ic replaced by If) and y = vr/vb. To find the
spotsize, Eq. (6) is solved for r a Ceoc under the conditions

y =0, z = (R/4)/K = AB/B. The result is given by Eq. (1). To
obtain the focal length, an equation describing the boundary
curve in the ballistic drift region must be obtained. This is
easily accomplished by substituting r - zvr/vb for r in Eq. (6).
Defining & = (If/Ic) - 1, the boundary curve is given by

2

{(2+A)rz . [(2+A)zz . (2+0)/K? - 2Az/x]y . [ZA/K - 2(2+A)z]yr}

= O (7)

The next step is to operate through with 3/3r and solve for

dy/3r. Evaluating the resulting expression at y = 0 gives

3y (2 + Q)X
-G nE 8)
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This expression gives the slope of the curve that defines the
outer boundary of the ion beam radial phase space distribution at
the point wvhere it intersects the Ve axis. The value of z at
vhich this slope goes to -= gives the focal length. By setting
the denominator of the right hand side of Eq. (8) to zero,.the
required value of z is found to be z = Zgoe 3S given by Eq. (2).

To apply this method to a final focusing cell with a
nonideal magnetic field distribution, it is necessary to have an
expression for the curve that defines the outer boundary of the
ion beam radial phase space distribution. This is the goal of
Section III.
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III. SOLUTION OF THE EQUATIONS OF MOTION

In order to apply the method described in Section II for
predicting the spotsize and focal length, an equation describing
the outer boundary of the ion beam’s radial phase space
distribution in the final focusing cell must be obtained. The
curve that describes this boundary, which will be called the
boundary curve, is the locus of points that define the radial
phase space positions of ions at the outer edge of the beam
radial phase space distribution. In the absence of collisions,
as the beam travels through the transport channel, focusing cell,
and on out into field free space, ions that were originally on
the boundary curve remain on the boundary curve. Thus, the
manner in which the boundary curve transforms in the focusing
cell can be found by solving the equations of motion for ions in
the focusing cell magnetic field. Eq. (4) gives an expression
for that boundary curve for the ion beam in the transport channel
after phase mixing, and Eq. (6) gives an expression for how that
curve transforms in a focusing cell with the ideal magnetic field
distribution. The goal of this Section is to find a result
analogous to Eq. (6) that is applicable to a focusing cell with
the model nonideal magnetic field distribution
Be(r) = (ZIE/crc)x(r/rc)N. To illustrate the method used to
obtain that result, a focusing cell with the ideal magnetic field
distribution will be considered first.

The equations of motion for an ion with no angular momentum
in the ideal magnetic field are

2
dr q_ r
az = - B —— v (9a)
dt2 me o r 2
qB
0 , 2 2
Yz 2 Y 2mer (rtp - ) (9%)
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vhere Bo is the maximum magnetic field strength in the focusing
cell, Yy is the magnitude of the ion’s velocity, and r, is the
ion’s radial turning point. Eq. (9b) is an expression of the
conservation of the canonical axial momentum. Inserting the
expression for v, given by Eq. (9b) into Eq. (9a) gives a single
nonlinear equation for the ion’s radial position as a function of
time. The nonlinearity is a consequence of the variation of v,
with r given by Eq. (9b). This nonlinearity is the source of the
dependence of the betatron wavelength on the turning point of an
ion and is therefore important for analyzing the radial phase
space dynamics of an ion beam propagating over distances of many
betatron wavelengths, but for propagation over distances smaller
than a betatron wavelength, such as in the final focusing cell,
it is not important. For the present work this nonlinearity will
be neglected. This gives a linearized radial equation of motion
vhere v, has been. replaced by vp?

d2

dz

et

|
+
<|r—-

qB .
EEREE (10
ch

~

b

vhere, in addition, time t has been replaced by axial distance 2z
viat = z/vb. The solution to Eq. (10) is

r(z) = rocos(Kz) + (yO/K)sin(Kz) (l1a)

y(z) = yocos(Kz) - (rolrch)sin(Kz) (11b)

vhere £, = r(0), Yo = vr(O)/vb, and K is the betatron wavenumber

1
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of a beam ion in the final focusing cell. The boundary curve at
the entrance of the focusing cell is, from Eq. (4),

2 2 2
£, * (yo/k) = T (12)

Eqs. (1la) and (11b) can be inverted to give r, and y  in terms
of r(2) and y(z). These expressions are then substituted into
Eq. (12) to give the expression for the boundary curve in the
final focusing cell (Eq. (6)).

The mathematical result expressed by Bq. (6) indicates that
in the ideal magnetic field distribution, the boundary curve
undergoes a rigid rotation as the beam moves through the final
focusing cell. This result has a simple physical interpretation.
The change in the radial velocity of an ion as it enters the
final focusing cell is proportional to the magnetic field
strength at the radial position of the ion. Since in the ideal
magnetic field distribution, the magnetic field strength is
proportional to the radius, the change in an ion’s radial
velocity is also proportional to its radial position. Thus, over
a short time interval At, the change in the radial velocity of an
ion is 4v_ ~ -rat. This, coupled vith the fact that the
accompanying change in the radial position of the ion is
proportional to the ion’s radial velocity, i.e. 4r ~ vrAt, leads
to the rigid rotation that characterizes the deformation of the
boundary curve in the ideal magnetic field distribution. This
line of thought is useful for anticipating the results that
should be obtained from the analysis of the nonideal magnetic
field distribution. In the nonideal magnetic field, the change
in the radial velocity of an ion is still proportional to the
magnetic field strength at the radial position of the ion, but

12




hotas ek ni

R anamne e e _aammmn . )

nov the magnetic field strength is nnt simply proportional to the
radial position. Thus, over a short time interval the change in
an ion’s radial velocity is Avr - -(r/rc)NAt. For an ion at
small radius, the factor (r/rc)N can be very small for N > 1 so
that the change in the radial velocity of the ion will be small.
However, an ion located at a radius close to the channel radius
will be subject to nearly the full magnetic field strength, so
that ion will experience a large change in radial velocity. The
change in the radial position of an ion during this small time
interval is still given by Ar -~ vrAt. Thus, while the horizontal
deflection of an ion in the radial phase space plane is the same
as it was in the ideal cell, the vertical deflection during this
small time interval will be slight at small radii and large at
larger radii. The result should be a sheared rotation, with the
rotation angle being a rapidly increasing function of the initial
radius. )

From the discussion above, the procedure for obtaining the
boundary curve is (1) to solve the equations of motion for an ion
in the focusing‘cell, (2) to invert the solution to give the
initial conditions in terms of the downstream solution, and (3)
to substitute the result of the second step into Eq. (12). For
the ideal magnetic field distribution, this procedure offered
little analytic difficulty because of the very simple form of the
radial equation of motion (Eq. 10). For the nonideal ™ magnetic
field distribution however, the radial equation of motion is not
so easily solved - it is an equation of the form x’’ + xN = 0.
Fortunately there is a method for generating a series solution to
this equation that suits the requirements of this analysis. That
method will be illustrated first for the case of the ideal
magnetic field distribution, then will be applied to the nonideal
field.

13
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Eq. (10) can be written as a pair of first order
differential equations:

s =LY (13a)
g.ls& - - %1 (13b)

vhere x = r/rc, y = vr/vb, s = Kz, and L1 - I/Krc. The subscript
"1" on the quantirty L1 refers to the focusing cell. Egs. (13a)
and (13b) may be considered as the infinitessimal form of a
mapping of the x-y plane into itself - they indicate how, for an
infinitessimal increment in the parameter s, the points x and y
transform. The geometric theory of ordinary differential
equations6 provides a method for building up the global
transformation from the infinitessimal transformation. The
global transformation is an operator known as the Lie transform
which will be denoted here by Q. It is built by an
exponentiation of the infinitessimal transformation. For a
general differential system,

%g = f(x,y) (14a)
dy 14b
ds * g(x,y) | (14b)

the -operator Q is defined as

Q = exp[s[ Boy) &= - gxy) -g-; 1] (15)

14
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This operator can be applied to any function of x and y to find
hov that function changes under the transformation defined by
Eqs. (l4a) and (14b). In particular, to obtain x(s), Q is
applied to the function x, evaluated at s = 0. For Eqs. (1l3a)
and (13b), the operator Q takes on the form

Q= exp[s( Lly g; - %Ix g; ]] (16)

Using this to obtain x(s) gives

, 2 3
x(s) = x(0) + Ly(0)s - x(OF - Ly®F + .... (17)

This can be recognized as the pover series expansion of the exact
solution of Eq. (13a):

x(s) = x(0) cos(s) » Lly(O) sin(s) (18)

The Lie transform method provides two benefits. First, it
allovs a soluti.n of the radial equation of motion to be found.
0f course, in the more general case of a field that behaves as
r", it may not be possible to find a closed form solution by
recognizing the function represented by the the infinite series
as could be done for the case N = 1, but at least every term of
the series will be known so that as many terms as are considered
to be necessary may be retained. Second, the Lie transform
method works for any function of x and y. This is useful because
rather than findine expressions for x(s) and y(s) individually,
then inverting those expressions and inserting the results into
Eq. (12), Eq. (12) can be transformed directly by application of
the Lie transform.

15
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For an azimuthal magnetic field of the form
Be(r) = Bo(r/rc)N, the radial equations of motion, after dropping
the presently uninteresting Vz(t) nonlinearity and
dedimensionalizing as was done for Egqs. (l1), are

dx

ds = Lly' (193)
d N

3§ = =X /LI' (19b)

The operator Q for this differential system is

0 - ol k - LAY

To test hov wvell this method works, and in particular, to
determine hov many terms in the pover series implied by the
exponential function should be retained, Eq. (20) was used to
compute the trajectory of an ion. Figure 3 shovs the trajectory
r(z) for 0 € 2z { WK (one half of a betatron wavelength) obtained
from a numerical solution to Eqs. (19a) and (19b) for the case N
=4, £(0) = s vr(O) s 0. In Figure 4, the relative error
betveen the numerical solution and the Lie transform solution is
plotted for the range 0 { z { n/4K (one eighth of a batatron
vavelength). The Lie transform solution used terms through the
seventh order. As can been seen, the Lie transform series
solution is in excellent agreement vith the numerical solution,
wvith the relative error not exceeaing 0.01X. For propagation
distances greater than an eighth of a betatron vavelength, the
relative error grows much larger, as indicated in Figure 5 vhere
the relative error betveen the numerical solution and the Lie
transform solution is plotted for 0 { 2 < n/2K (one quarter of a

16
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betatron vavelength). For greater propagation distances, the
number of terms that must be retained in the Lie series to obtain
the same degree of accuracy increases, but for the purposes of
this calculation, vhere the propagation distance is limited to

one eighth of a betatron vavelength, seven terms appear to be
adequatae.

For the purpose of predicting the spotsize, it is more
convenient to apply the propagation operator Q directly to the
function that defines the radial phase space boundary than to
develop the solutions for the radius and the radial velocity
individually, then combining those results to give the radial
phase space boundary. This function, in terms of the
dimensionless variables introduced above, is is

olxy) = xt . Lyt - 4 -0 | (21)

Here, the subscript "O" on the quantity L° refers to the
dimensionless betatron vavelength in the transport channel. The
ratio R = (L°/L1)2 is equal to the ratio of the final focusing
cell discharge current to the transport channel discharge
current. The transformation of this boundary curve is
illustrated in Figures 6a, 6b, and 6éc for N = 2, 4, and 10,
respectively. The deformation of the boundary curve is the
sheared rotation anticipated previously.

In principle, the spotsize is predicted by applying the
propagation operator Q to the function pz(x,y) - rfh, setting the
result equal to zero, evaluating it at y = 0, then solving for x.
Unfortunately, the resulting equation is a high-order polynomial
in x. For example, for N = 2 and retaining terms through the
fourth pover in s gives the equation

17
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0as1- x2 + X°S - xsT-3xs ]R - 7%s (22)

This, being a fifth order polynomial in x, cannot be solved by
elementary means. While one could resort either to a numerical
solution to Eq. (22) or to retaining fewer terms in the Lie
transform power series, both of which are undesirable
alternatives, neither are necessary because Eq. (22) can be
solved for R, the ratio of currents, as a function of the spot
size. The same situation holds true for any N and for any number
of terms retained in the solution. Thus, while it is not
generally possible to find an expression giving the spotsize as a
function of the current ratio, it is possible in general to find
an expression giving the current ratio as a function of the
spotsize. The information content of the two is identical.

The current ratio necessary for producing a given spotsize
has been obtained for N = 2, 3, ... by the means described above.
The series expressions for pz(x,y) used for this purpose retained
terms through the sixth order in s. The resulting expression is

4 6
. 1 - x% + i+l z—,[Z(Nd)M]xZN . g‘—,(aN(N+3)|x3"‘1

R(x) = [52 ZN] - — : (23)
x 1 - s—3NxN"1 + 55IN(2(IN-1) + 4(28-1) 3(N-1)) |x2N-2

At the exit of the one-eighth betatron wavelength final focusing

cell, s = /4, and x = x Note that for small

=T /T .
foc foc' "¢
spotsizes, the required current ratio is approximately

N 2
R(xfoc) = (A/uxfoc) :

a function of spotsize for several different values of N and

Figure 7 displays the ratio >f current as
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different ranges of R. In this plot the current ratio for N = 1
as determined from Eq. (1) is shown for comparison. These
results show, for example, that to produce a spotsize of (1/2)rc,
a current ratio of 7 is needed for N = 1, a ratio of 25.9 is
needed for N = 2, and a ratio of 352.4 is needed for N = 4.

To find the focal length, the developments above are used
to obtain an expression for the slope of the boundary curve at
the spotsize radius. The boundary curve is propagated
ballistically by replacing x with § = x - yZ and s with n/4,
vhere I = z/tc. The slope of th; boundary curve is then found by
differentiating the expression p“(§,y,n/4) - ri = 0 wvith respect
to x, and solving the resulting expression for 3y/3x yielding

_3p 3%
¥y & 3x
x * |pak , 2z (26)
Ak 3y ay

Using 38/3x = 1 and 3&/3y = -L, and using the pover series
expansion of pz to evaluate the derivatives of p then gives the
desired expression for the slope of the boundary curve. The
focal length is given by the value of I at which dy/3x +» -=,
This occurs when the denominator of the right-hand side of Eq.
(24) vanishes. Thus, in general terms, the dimensionless focal
length zioc is

(23)
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Using the power series expression for 92 and proceeding as
indicated yields the expression

Zeoe * G:-)LI{Z (RxN'l - 1) . %G}]Z[(ms)xb"l - aNRxZN'Z] (26)
%[%]A[RN[A(ZN-I) « 38-1) » 2081 )2 ZN(N+3)x2N'1]

[ (32 (a2 - ey 1) o 2(F)4 (renenx®™2 - aneanene2) L

5 -’!] [N(AN-Z)(ls(ZN-l) « 3(N-1) + 2(3N-1)] Rx*N-4 _ 2N(N+3)(3N-1)x3"‘3]

In this equation, the spotsize x = Xfoc and the current ratio R
must be determined consistently using Eq. (23). The focal length
is plotted in Figure 8 as a function of the spotsize for several
different values of N. In this Figure, the focal length for the
standard N = 1 cell wvas determined using Eq. (2). For values of
the spotsize that are close to the channel radius, i.e. for Xfoe
near 1, the behavior of the focal length depends strongly on the
number of terms retained in both the relation between Xfoe and R
and in the relation for xfoc indicating that higher order terms
are needed for convergence. However, beam compression ratios
near 1 are not of interest in this work. For the smaller values
of Xfoc vhich are of interest here, the number of terms retained
in the Lie series is sufficient, allowing the focal lengths to be
resolved vith sufficient accuracy.
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IV. Comparigson of Theoratical Predictions with Numerical
Simulations

The results of this analysis have been compared with
numerical simulations of intense ion beam focusing. The
simulation code used for this purpose was a simple ion trajectory
solver. The trajectories of a large number (1000 - 5000) of ions
are computed in a given magnetic field distribution. It is
assumed that the ion beam is fully charge and current neutralized
so that self fields can be neglected. It is also assumed that
the magnetic field is static. Figure 9 shows the radial phase
space distribution of 5100 ions at the entrance to the focusing
cell. This distribution was obtained by phase averaging an
initial phase space distribution in a 3 cm, 20 kA transport
channel. The initial radial phase space distribution was a
uniform distribution of ions in the rectangle 0 < r < 2.12 cm and
0« |vr/vb| < 0.053. Figures 10a and 10b show the ion beam
radial phase space distribution after passing through a focusing
cell with N = 2 and N = 4, respectively. The ratio of the
focusing cell discharge current to the transport channel
discharge current was chosen to be 17, which for the N = 1 cell,
gives a spotsize of (1/3)rc. From Eq. (25), the spotsize for the
N = 2 cell should be 0.552rc and for the N = 4 cell, 0.721rc.
Figures 1la and 11b show the radial phase space distributions for
the N = 2 and N = 4 cells, respectively, after traveling through
field free space to the theoretical focal plane. For the N = 2
cell, Eq. (30) predicts the focal length to be 7.50 cm and for
the N = 4 cell, 5.51 cm. The comparison of the numerical
simulation results with the theoretical predictions show that the
theory accurately predicts the result of the numerical
simulation; the spotsizes and the focal lengths from the code
runs are very close to the theoretical predictions.
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VY. Conclusion

The spotsize and focal length of a one eighth betatron
vavelength final focusing cell with the nonideal magnetic field
distribution Be(r) = (ZIf/rcc)x(r/rc)N have been calculated.
These results indicate that the ratio of final focusing cell
discharge current to transport channel discharge current required
for producing a given focused beam spotsize increases rapidly
vith increasing N. The focal length decreases with increasing N
for any given spotsize. The very rapid increase in the current
ratio required to produce a given spotsize with increasing N
given by the approximate relation

£ @ [

indicates that to be able to use the one-eighth betatron
vavelength focusing technique without having to use mega-ampere
level final focusing cell discharge currents requires that N be
as close to 1 as possible. This, in turn, indicates the
importance of understanding the development of the magnetic field
in the finai focusing cell.
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Figure 1: Illustration of the general theoretical method for
determining the spotsize of the focused ion beam. Curve (a)

represents the boundary curve at the final focusing cell exit.

As the beam propagates ballistically, the intersection of the
boundary curve with the line v, = 0 does not change. Curves (b),
(¢), and (d) represent the boundary curve after ballistic

propagation through distances of Zgoe? sz , =ad Azfo '

Cc ocC [

respectively.
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Figure 2: Illustration of the general theoretical method for
determining the focal length of the final focusing cell. As the
ion beam leaves the final focusing cell and propagates
ballistically, the tangent to the boundary curve at the
intersection with the Ve axis approaches -». Curve (a)
represents the boundary curve at the final focusing cell exit.
Curves (b) and (c) represent the boundary curve after ballistic
propagation through distances of'(1/2)zfoc and zg
respectively.
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Figure 3: Trajectory of a beam ion calculated numerically using
Eqs. (19a) and (19b). The magnetic field exponent N was 4, and
the initial conditions were r(0) = Lo vr(O) = 0. One half of a
betatron oscillation is shown. The discharge current was 20 kA,

the channel radius was 3 cm, and the beam ions were 30 MeV Li*;.

26




0.010

o
0.005

(

0.000

Relative Error

-0.005
\

-0.010

T LI

! ]
00 64 128 192 256 320
Z (cm)

Figure 4: The relative error betveen the numerical solution and
the Lie transform solution over one eighth of a betatron
vavelength. The Lie transform solution used terms through the
seventh order.
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wavelength. The Lie transform solution used terms through the

seventh order.
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Figure 6a: Transformation of the boundary curve for N = 2.
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Figure 6b:

Transformation of the boundary curve for N = 4.
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Figure 7: Ratio of discharge currents required to produce a
given spotsize for N = 1, N = 2, and N = 4.
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Figure 8: Focal length for final focusing cells vith N = 1,
N =2, and N = 4.
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final focusing cell used for the numerical simulation.
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Figure 10a: Radial phase space distribution at the final
focusing cell exit obtained from the numerical simulation of an

N = 2 cell. Theory predicts that the intersection between the
boundary curve and the Ve axis should occur at O.SSZ:C.
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Figure 10b: Radial phase space distribution at the final

focusing cell exit obtained from the numerical simulation of an

N = 4 cell. Theory predicts that the intersection betwveen the
boundarvy ~urve and the Ve axis should occur at 0.721rc.
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Figure 1la: Radial phase space distribution after 7.350 cm of
ballistic propagation. The theory predicts that at this
location, all ions should be located within the spotsize radius.

37

S R P

T T e e



e

1.0
0.6 -
w
{ 0.2 —J. ’ &* %
L *
e —0.2 j?‘ )
>
-0.6
-1.0 T { 1 I
00. 0.6 1.2 1.8 2.4 3.0

r (cm)

Figure 11b: Radial phase space distribution after 5.51 cm of
ballistic propagation. The theory predicts that at this
location, all ions should be located within the spotsize radius.
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